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Chapter 7 Iterative methods

I, normof x isdefinedas |x|, = /Zn:xf
i=1

I, normof x isdefinedas |x| =max|x|

o0 .
I<i<n

[% =], =/(x=9)" (x-7)
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Natural matrix norm ||A|=max|Ax|, Ax :{Zn:aijxj}
j=1

I<i<n £

|, norm of matrix A is ||A||m:maxzn:‘aij‘
j=1

I, normof A is ||A|, =max|Ax|,

Il =

If {x“3}.—>x or limx*=x" or lim(x* -x"|=0
k=1 K 1 1
—0

k—o0

then {x®}_ isconvergentto x'.

The eigenvalue zand its corresponding eigenvector x of the matrix A
IS AX=AX.

The spectral radius p(A) of a matrix A is defined by

p(A) =max|4|.

Properties:

1. |A], =[o(A" AT

2. p(A) for any natural norm

Ais a convergent matrix iff lim A"

nN—oo

=0,0r p(A)<1 or limA"x=0
The problem Ax=b can be expressed as x=Tx+c

If p(T)<1, then the iteration x*“* =Tx* +¢ converges.
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6D =TT P +0)+c =T XY+ (T +I)c
=T*@ + (T +...+T%c

limT*=0, S, =T '+...+T° TS =T“+..+T,

P
S, ~TS, =(1-T)S, =1-T%, S, =(1-T)"=(1-T)'T*
lims, =(I -7, lim D =(1-T)'c.

Jacobi iteration

Express A=D+L+U,then Dx=—(L+U)x+b or

x=-D?(L+U)Xx+D'0=Tx+C

noa. b
Xi(k+1) _ —Zixﬁkﬂ) Lo
= % &

Gauss-Seidel method

(D+L)x=-Ux+b Or x=-(D+L)'Ux+(D+L)"b=TX+C
SOR (successive over-relaxation) method

DX+ @(D+L+U)X=DXx+awb, DX+o(D+L)X=DX-aUX+awb
(D+ L)X =[(1-®)D-aU]X + b
X=(D+oL)'[1-0w)D-aU]x+o(D+wL) b =T %+C
Iterative Refinement

Suppose x" to be an approximate solution of Ax"” =b.

The error b” =b—Ax"”. Let x” be an approximate solution of
Ax” =b” . Then the solution of Ax=b is x=x"+x".
§ The conjugate gradient method

The solution x of Ax=b is the optimal solution of
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: - T T
mxlng(x)=mx|n(5x AX-x'b), A=A".
Define h(t) = g(x +1tv)
Howto find t and v suchthat g(x+tv)<g(x)
h(t) =%(>‘< +1v)T A(X +tv) - (X +tv)" b

1—-T o ol =T s K 12—-T =
:(EX AX—X'b)+tv (Ax—b)+§t V' AV
=g(X)+tv’ (A)‘(—B)+%t2\7T AV
0=h({)=v"(Ax-b)+tv' AV or
f=—V" (AX-b)/V' AV = (V,b— AX) /(V, AV)

1 (v, Ax-b)?

2 (v,Av) =0(%)

h(t) = g(x)-
Given x®
v =b- AR, t, = @®, V) /@Y, AT®),
R = g© 41,00

=g(x)+tv’ (A)‘(—B)+%t2\7T AV
0=h'(f)=v"(Ax-b)+tv' AV or

f=—V" (AX-b)/V' AV = (V,b— AX) /(V, AV)
Given x® and v®

t = (v(k)’b_ A)*((k))/(v(k), Av(k)) ’ g0 = gD +tk\7(k) ’ v&D —p— Ax®

Ex. The vector x ={2 1" is the root of

AR =, AZE ﬂ Bz{i}

- ~ 5| |12 1|1 2] —@r- ~) -
Ty xO =1, vV ={"1- =470 vV =5, Vav=14
4] 11 2|1 1
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Solve the problem
4% —X, =X, =0

=X +4X, =X =% =-1

=X, +4X, + X — %X, =9

=X, +4X, =% —X, =4

=X, =X, +4X, —X; =8

—X;— X, +4x%; =6

by (a) Jacobi method, (b) Gauss-Seidel method, (¢) SOR method, and (d) the
conjugate gradient method.



